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Abstract. Let g : R 2 — > R be a homogeneous polynomial of de- 
gree p > 2, G — (—g'y,g' x ) be its Hamiltonian vector field, and G( 
be the local flow generated by G. Denote by £ (G, O) the space of 
germs of C°° diffeomorphisms (R 2 , O) — > (R 2 , O) , that preserve or- 
bits of G. Let also £id(G, O) be the identity component of £ (G, O) 
with respect to C 1 topology. 

Suppose that g has no multiple prime factors. Then we prove 
that for every h £ £id(G, O) there exists a germ of a smooth func- 
tion a : R 2 -> R at such that 

= G Q(z )(z). 



1. Introduction 

Let p > 1 and g : M 2 — >■ IR be a homogeneous polynomial of degree 
p+l, i.e. degg > 2. Then we have a prime decomposition of g over R: 

(1-1) = JjLi(x,y) ■ Y[ Qj(x,y), 

i=l j=l 

where every Li = ciiX+biy is a linear function, and every Qj is a definite 
quadratic form. 

Lemma 1.1. [5] The following conditions for a homogeneous polyno- 
mial g of degree deg g > 2 are equivalent: 

(1) decomposition (11. ip contains no multiple factors 

(2) none of the partial derivatives g' x and g' y is identically zero (i.e. 
g does depend on x and y ) and these polynomials are relatively 
simple in the ring M[x,y]. 

In this case the origin O el 2 is a unique critical point for g. 

Definition 1.2 (Property (*) for a polynomial). Say that a homoge- 
neous polynomial g G M[x, y] of degree degg > 2 has property (*) if it 
satisfies one of the conditions of Lemma li.il 

l 
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Example 1.3. For n > 2 consider the following function 

uj n : C — > C, UJ n (z) = z n . 
Then its real and imagine parts Re(z n ) and lm(z n ) have property (*). 

Let H = {—g' y ,g' x ) be the Hamiltonian vector field for g. Then g is 
constant along orbits of H. The typical foliations of R 2 by level sets of 
homogeneous polynomials are shown in Figures 14.11 and 14.21 

Notice that the property (*) for g can be formulated as follows: the 
Hamiltonian vector field H of g can not be represented as a product 
H = ujH\, where u is a homogeneous polynomial of degree degu; > 1 
and Hi is a homogeneous vector field. 

Definition 1.4 (Property (*) for a vector field). Say that a vector 
field G on R 2 has property (*) at O if there exist a smooth (C°°) 
and everywhere non-zero function 77 : R 2 — > R \ {0}, local coordinates 
(x,y) at O, and a homogeneous polynomial g(x,y) having property (*) 
such that 

G = rjH, 

where H = (—g y ,g x ) is a Hamiltonian vector field of g. 

It follows from Lemma 11.11 that in this case the origin O G M 2 is an 
isolated singular point of G. 

1.5. Main result. Let G be a smooth vector field defined in a neigh- 
borhood of the origin O G K 2 . Denote by £(G, O) the set of germs of 
C°° diffeomorphisms 

h : (R 2 ,0) -> (R 2 ,0) 

preserving orbits of G, i.e. h G £(G,0) if there exists a neighborhood 
V of O such that 

(1.2) h(cunV)Cuj 

for each orbit to of G. 

Let also £\&{G, O) be the identity component of £(G, O) with respect 
to C 1 -topology. It consists of germs of diffeomorphisms at O isotopic to 
id]R2 in £(G,0) via isotopy whose partial derivatives of the first order 
continuously depend on the parameter, see [5] for details. 

Denote by G : I 2 xRd Ug — > the corresponding local flow 
of G defined on an open neighborhood Ug of R 2 x {0} in R 2 x R. 

Then for every germ of a smooth function a : R 2 — > R at O we can 
define the following map h : R 2 -> R 2 by 



(1.3) 



h(z) = G(z,a(z)). 
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This map will be called the smooth shift along orbits of G via the 
function a. Denote by Sh(G,0) the set of germs of mappings of the 
form fll.3p . where a runs over all germs of smooth function at O. 

Then, see @], Sh(G,0) C £ id (G,0). 

In this paper we prove the following theorem: 

Theorem 1.6. Let G be a vector field on R 2 having property (*) at 
O. Then Sh(G,0) = £- ld (G,0). Thus every h € £ id (G,0) can be 
represented in the form (11. 3p for some smooth function a : R 2 — > R. 

Remark 1.7. Suppose that O is a regular point for G, i.e. G(0) ^ 0. 
Then every smooth map preserving orbits of G is a neighborhood of O 
is a shift along orbits of G via a certain smooth function a. For the 
convenience of the reader we recall a proof of this fact, see [H Eq. (10)]. 
Indeed, since G(0) ^ 0, it follows that there are local coordinates 
(xi, . . . , x n ) at O such that G(x) = (1, 0, . . . , 0), whence 

G{Xi, . . . , X n , t) = [Xi + t, X2, • • • , x n ). 

If now h = (hi, . . . , h n ) : R™ — > W 1 is a smooth map that preserves 
orbits of G, then hi = Xi for 2 < i < n. Set 

(1.4) a(x) — hi(x) — X\. 

Then h(x) = G(x,a(x)). 

1.8. Applications. In jl] the identity 

Sh(G,0) = £ id (G,0) 

is established for all linear vector fields on R n . Thus if G(x) = A ■ x is 
a linear vector field on R n , where A is a non-zero (n x n)-matrix, then 
every h £ ^id(C, O) can be represented as follows 

/i( x ) = e a W A ■ a; 

for a certain smooth function a : R™ — > R. It allowed for a vector 
field G satisfying mild conditions describe the homotopy types of the 
connected components of the group T>(G) of orbit preserving diffeo- 
morphisms. This result was essentially used in [3] for the calculation 
of the homotopy types of stabilizers and orbits of Morse functions on 
compact surfaces M with respect to the action of T>(M). 

Theorem 11.61 allowed to perform similar calculation for large class of 
functions on surfaces with isolated singularities. This will be done in 
another paper. 
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1.9. Structure of the paper. In Section [2] the definition of weak 
Whitney topologies is given. 

Section [3] includes a plan of the proof of Theorem 11.61 Using results 
of [5] the proof is reduced to the case when h G Sid(G,0) is oo-close 
to he identity at O, see Proposition 13.41 It turns out that in order 
to work with these mappings it is convenient to use polar coordinates 
(</>, p), see Section HI In this case instead of a unique singular point 
O = (0,0) G M 2 we obtain a whole line of singular points p = 0, 
but the formulas for the vector field G in polar coordinates becomes 
essentially simple. 

Then in Section it is shown that instead of smooth functions on 
M. 2 that are flat at O, we can consider smooth functions with respect 
to polar coordinates (0, p) being flat for p = 0. Similarly, in Section [6] 
it is proved that instead of diffeomorphisms of 1R 2 that are oo-close 
to the identity at O it is possible to consider diffeomorphisms of the 
half-plane of polar coordinates EI that are oo-close to the identity for 
p = 0. 

In Section [7] a proof of Proposition 13.41 is given. This will complete 
Theorem 11.61 

2. Continuous maps between functional spaces 

Let V C R n be an open subset and / = (f u . . . , f m ) : V -> R m be a 
smooth mapping. For every compact K C V and integer r > define 
the r-norm of / on K by 

m 

ii/ii* = EE su P |£>Vi(z)i, 

3=1 \t\<r 

where i = . . . , i n ), \i\ = \-i n , and D % = if A ln . For a fixed 

OX ■ ■ ■ OX ji 

r the norms ||/||^ define the so-called weak Whitney topology on 
C°°(V,M m ), see [U [2]. 

Definition 2.1. Let A,B,C,D be smooth manifolds, 

XCC°°{A,B), y C C°°{C,D) 

be two subsets and F : X — > y be a map. Say that F is C^f w - 
continuous provided it is continuous from C^y -topology on X to Cyy- 
topology on y. 

Say that F is tamely continuous if for every r > there exists an 
integer number s(r) > such that F is C^y/ -continuous. Evidently, 
every tamely continuous map is C^'w -continuous. 

The following lemmas are easy to prove, see [5]. 
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Lemma 2.2. Let D : C°°(V) — > (7°°(V) fre i/ie mapping defined by 

D(a) 



dx k ' 

n 

where k = (ki, . . . , k n ), \k\ = ^ki, and dx k = dx* 1 ■ ■ ■ dx k ^ . Then D 
is C^w' 7 -continuous for all r > 0. 

Lemma 2.3. Let Z : C°°(V) — > C°°(V) be the mapping defined by 

Z(a)(xi, ...,x n ) = x 1 - a(xi, . . . , x n ), a G C°°(V). 

Then Z is injective and for every r > the mapping Z is C^ w - 
continuous and its inverse Z~ l is a C^w -continuous. 

Lemma 2.4 (Hadamard). Let f : K — > K be a smooth function such 

that /(0) = ; t/ien f(x) = s I f'(tx)dt = xg(x), where g is smooth 

Jo 

andg(0) = f'(0). ' □ 



More generally, 



(2.1) f(x + y) = f(x) +y f'(x + sy)ds = f(x) + y ■ g(x, y), 



where g is also smooth and such that g(x, 0) = f\x). 
In particular, if / has an inverse function f~ l then 

(2.2) f(f-\x)+y) = fir^+ygif- 1 ^)^) = x+yg{r\x), y ). 

3. Proof of Theorem 11.61 

Actually we establish a more general statement. First we introduce 
some notation. 

3.1. Smooth shifts along orbits of vector fields. Let G be a vector 
field on a manifold M. We will always denote by 

G:MxKdW g ^M 

the local flow of G, where Ug is an open neighborhood of M x in 

Mxt 

For every open subset V C M let 

E(G,V) C C°°(V, M) 
be the set of all smooth mappings h : V — > M such that 
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(1) h(u H V) C u for every orbit u of G, in particular h is fixed on 
the set of singular points of G contained in V; 

(2) h is a local diffeomorphism at every singular point of G. 

Let also £id{G,V) be the subset of S(G,V) consisting of mappings 
h such that 

(3) h is homotopic to id M in £(G, V). 

UV = M, then £(G, M) and £ id (G, M) will be denoted by £{G) and 
£\&{G) respectively. 

Let O G V be a singular point of G. Then /i(O) = O for every 
h G V). Denote by £oo(G, V, O) the subset of £(G, V) consisting 
of mappings h which are oo-close to the identity at O, i.e. the oo-jets 
of h and idy at O coincide. 

Theorem 3.2. Let G be a vector field on IR 2 having property (*) at O 
and V be a sufficiently small open neighborhood of O. Then for every 
f G £id(G,V) there exists a neighborhood Uf in £a(G) with respect to 
Cyy-topology and a tamely continuous map 

a v : £ id {G,V)DU f — > C°°(V) 

such that 

h(z) = G(z,a v (h)(z)) 

for every h eW/. 

Moreover, ifdegg > 3, then a can be defined on all of£ [d (G,V). 

The proof is based on the following two statements. The first one is 
established in [5]: 

Proposition 3.3. [5] Let G be a vector field on M 2 having property 
(*) at O and U C V be two sufficiently small open neighborhoods of 
O. Then for every f G £id(G, V) there exists a neighborhood Uf in 
£id(G, V) with respect to -topology and a tamely continuous map 

k-.Uf —> c°°iy) 

such that for every h aUf we have that 

suppA(/i) C U 

and the mapping h : V — > R defined by 

k{z) = G(h(z),-A(h)(z)) 

is oo-close to idjR2 at O. In particular, h G £ o{G ) V, O). 

Moreover, ifdegg > 3, then A can be defined on all of £ ld {G). 

The second statement will be proved in Section [71 
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Proposition 3.4. Let G be a vector field on M 2 having property (*) at 
O and V be a sufficiently small open neighborhood of O. Then there 
exists a unique map 

* : £oo{G, V, O) -> Flat (R 2 , O) 
such that for every h G £oo(G, V,0) we have that 

(3.1) h(z) = G(z,*(h)(z)) 

This mapping is C^^y' r -continuous for every r > 0. 

Now we can complete Theorem 13.21 First notice that for a smooth 
function a and a mapping h the following relations are equivalent: 

(3.2) h(z) = G(z,a(z)) and z = G(h(z), -a(z)). 

Let / G £id(G). Then it follows from Proposition 13.31 that for every 
/ G £id(G) there exists a C^-neighborhood Uf of / in £a(G) and a 
well-defined map 

V,0) 

given by 

H{h)(z) — G(h(z),-A(h)(z)). 
Then the following map a : Uf — > C°°(V) defined by 

a = A + M/ o H 

satisfies the statement of our theorem. 
Indeed, let h eW/ and h = H{h). Then 

a{h) = A{h) + V o = A(/i) + 

Whence 

G(/i(*),-<r(/O(*0) = G(A(*),-A(/i)(*) = 

= G(G(M*),-A(fc)(z)), = 

V v ' 

= G (*M, -*(&)«) =S=S=,, 

Therefore 

h{z) = G(z,a(h)(z)). 

If degg > 3, then a is defined on all of £a(G). 

Theorem 13.21 is completed modulo Proposition 13.41 The proof of this 
proposition will be given in Section [71 
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4. Polar coordinates 

Let H = {((f), p) | p > 0} C I 2 be the closed upper half-plane of 
M 2 with cartesian coordinates which we denote by (0, p). Let also 

o 

dW = {p = 0} be its boundary (i.e. 0-axis), and EI = {p > 0} the 
interior of HI. Take another copy of M 2 with coordinates (x, y) and 
consider the following map 

P k : H -> M 2 , P fe (0, p) = (p fc cos 0, p fc sin 0). 

For A; = 1 this map defines the so-called polar coordinates in M 2 . We 
will also denote the mapping Pi simply by P. 

o 

Evidently, Pk(dM) = G IR 2 and the restriction of P k onto HI is a 

o 

Z-covering map: Pk : HI — > IR 2 \ {0}, where the group Z acts on HI by 
n ■ (<t>,P) = + 27m, p). 

Lemma 4.1. Lei g : IR 2 — > H. &e a homogeneous polynomial of degree 
p + 1 and O G IR. Then there are unique but not necessarily distinct 
numbers i7 (i — 1, . . . , Z) s«c/i Z/zaZ 

7T 7T 

0o - ^ ^ 0i ^ • • • ^ 0« < 0o + ^ 

and a smooth function 7 snca iaa/j 7(0) 7^ /or a// G (0o — f , 0o + f ) 
and 

a(pcos0,psin0) = p p+1 -7(0) • JJ(0-0;). 

i=i 

Proof. Notice that there exists a unique decomposition of g: 

1 

(4.1) = r(x,y) ■ JJ(&iX + a^y), 

i=i 

where 

aj = cos0j, 6j = sin0j, 

for a unique 0j G [0o — f , 0o + f ), (« = 1, • • • , 0> sucn that 0« — 0«+i? 
and t is a homogeneous polynomial of degree p + 1 — I such that 

r(x,y)^0, for(x,y)^0. 

Therefore 

6jX + ai|/ = sin 0j • p cos + cos 0j • p sin = p ■ sin(0 — 0j) , 
and thus 

a(pcos0, psin0) = p p+1 • r(cos0,sin0) • J^sin(0 — 0j). 

i=i 
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Notice that the function sl °J^~y is smooth and strictly positive on the 
interval (0j — 7r,0j + ir) and r(cos0, sin0) > for every 0, we obtain 
that 



g(p cos 0, p sin 0) = p p+1 ■ 7(0) • JJ( 



i=l 



for a certain smooth function 7 : R — > R such that 7(0) 7^ for all 
0G (0o- |,0o + |). □ 

The level curves of a homogeneous polynomial g : R 2 — > R and the 
mapping g o P fe : H — ► R are shown in Figure 14.11 for Z = and in 
Figure Ed for I > 1. 





» 



Figure 4.1. / = 0. 





Figure 4.2. / > 1. 



4.2. Lifting vector fields from R 2 to HL Let G be a smooth vector 
field defined in a neighborhood of O G R 2 . Denote 
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If G(0) = 0, then there exists a unique Z-invariant vector field F on U 
vanishing on <9H, and such that the following diagram is commutative: 



(4.2) 



TU 



m d u 



Pk 



TV 



G 



V C 



Notice that in general F is smooth only on UflM. and is just continuous 
on EL 

Let F t and G t be the local flows generated by F and G respectively. 
Then for every i e R the following diagram is commutative 



(4.3) 



U 



V 



Ft 



Pk i.e. P k oF t (x) = G t o P k (x), 



provided both parts of this equality are defined. 

The following lemma is crucial for the proof of Proposition 13.41 

Lemma 4.3. If a, a' G U belong to the same orbit ofF, then b = Pk{a) 
and b' = Pk(a') belong to the same orbit ofG, see Figure \J^ Moreover, 
the time between a and a' with respect to F is equal to the time between 
b and b' with respect to G. 



Proof. Indeed, if a' = F r (a), then 

b' = P k {a') = P k o F T (a) = G T o P k (a) 
Lemma is proved. 



G T (6). 



□ 




Figure 4.3. 



Lemma 4.4. Let g : M 2 — > R be a homogeneous polynomial of degree 
p + 1 > 2, H = (—g' y ,g' x ) be the Hamiltonian vector field of g, and 

r] : M 2 -> R \ {0} 
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a smooth everywhere non-zero function. Consider the following vector 
field 

G = t]H = r] ■ (-g' y ,g' x ) 
and let F = (Pi, P 2 ) be the vector field on H induced by G via mapping 

Pi = P:H^R 2 , P{4>,p) = (pcos0,psin0). 
Write g in the following form 

g(x,y) = y a R(x,y), 

where a > and R is a polynomial that is not divided by y. Then 



(p + 1) • <7(P(<M) 



(4.4) P^p) = v " 7 v = ff-'riitt), 

P 

for a certain smooth function 71 : R — > R sitc/i t/iai 71 (0) 7^ 0. 
Moreover, if a > 1, then 

(4-5) F 2 (0,p) = p p a - 1 7 2 (0), 

where 72 : R — > R a smooth function such that 72(0) 7^ 0. 

Corollary 4.5. /ias property (*), then a = or 1. Hence 
F 1 (0,p)=p p - 1 7l (0), a = 0, 
F 2 (0,p)=P P 7 2 (0), »/ a = l. 

T/itts m &oi/i cases one of the coordinate functions of F does not divides 
by <P- 



Proof of Lemma 4-4 First notice that for a homogeneous polynomial 
g of degree p + 1 the following Euler identity holds true: 

(4.6) xg' x + yg' y = (p + l)g. 

Also, it follows from Lemma 14.11 that every multiple y in g yields the 
multiple cf) in g o P. Therefore 

(4.7) g oP(^p)=^ 1 f 7l (^) 1 

for a certain smooth function 71 : R — > R such that 71 (0) 7^ 0. 



Consider now the Jacobi matrix of P: 
J(P) = 



— p sin </> cos < 
p cos <p sin c 

Then it follows from the commutative diagram (14. 2 p that 

G o P = J(P) • P, 

i.e. 

Gi o P\ _ /— psin0 cos <A /P^ 



G2 P J Vp cos sin 0y V P; 
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whence 



Fi\ f—^sm(J) -cos(J)\ (G\oP 



Therefore 



- sin 6 - 

p r p 

F2) \ cos 6 sin 6 I V G2 -P / 



-(Gi o P) ■ sin + (G 2 o P) • cos , 
hi = 



Denote 



-yd + xG 2 _ yg'y + xg' x (p + 

x 2 + ?/ 2 a: 2 + |/ 2 ^ x 2 + ?/ 2 



Then 

Similarly, 

Put 



Fl = Ao pM= f r- 1 F 11 {<j>). 
p 2 = (d o P) ■ cos0 + (G 2 o P) • sin< 



a/x z + y z + y z 



Then F 2 = B o P. Since the numerator of the latter fraction is a 
homogeneous polynomial of degree p + 1, it follows from Lemma 14.11 
that 

p 2 = pP 0^ 72 (0), 

for certain ai > and a smooth function 72 : R — >• R such that 

72(0) + 0. 

It remains to prove that if a > 1 then 

a\ = a — 1. 

Equivalently, we have to show that the numerator: 

# = + 

of P is divided by y^ 1 but not by y a . 
Notice that 

g' x = y a R' x , g' y = ay a - l R + y a R! y . 

Whence 

N = -xg' y + yg' x = -axy a ~ x R - xy a R' y + y a+l R' x 

Since R is not divided by y, it follows that iV is divided by y a ~ x but 
not by y a . □ 
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5. Correspondence between flat functions 

Recall that a smooth function a : R n — ► R is flat on a subset K C R n 
provided all partial derivatives of a of all orders vanish at avery point 

x e K. 

Let Flat (R 2 , O) be the set of smooth functions a : R 2 —>■ R that are 
flat at O 

Let also Flat z (EI, dW) be the set of all Z-invariant smooth functions 
d : H -> R that are flat on <9H. 

Theorem 5.1. TTie mapping 

P k :M^ R 2 , P k (4>, p) = (p k cos 4>, p k sin 0) 

yields a bijection 

f fe : Flat (R 2 , O) -»■ Flat Z (H, dH), f fc (a) = a o P k 

which is C^ w - continuous and its inverse f^ 1 is C^ k ^ r ' r -continuous 
for every r > 0. 

Proof. For each r = 0, . . . , oo let Func r (R 2 , O) be the space of all C r - 
functions a : R 2 -> R such that a(0) = 0, and Func r (H,<9H) be the 
space of Z-invariant C r -functions d : EI — > R such that d(cffl) = 0. 

Then for every a G Func °(R 2 , O) the function at = a o P k is also con- 
tinuous on H, Z-invariant, and vanish on cffl, i.e. d G Func z (H, cffl). 
Thus we obtain a well-defined mapping 

(5.1) f fe : Func°(R 2 ,0) -> Func ^(H, dH), f k (a) =aoP k . 

Conversely, every d G Func z (EI, SET) yields a unique function a G 
Func °(R 2 , O), whence i k is a bijection. 
Since is smooth, it follows that 

f fc (Func°°(R 2 ,0)) C Func^(H,<9e) 

and the restriction map 

f fc : Func°°(R 2 ,0) -> Func^(H, «9H) 

is Cy^ w - continuous for every r = 0, . . . , oo. But this mapping is not 
onto, e.g. the second coordinate p : EI — > R being a smooth function 
is the image of the function (x 2 + y 2 ) l / 2k which is not differentiable at 
O G R 2 . 

Suppose that a is flat at O. Then it is easy to see that d is flat at 
every point of <9H, i.e. f fc (Flat (R 2 , O)) C Flat Z (H, <9Ef). The following 
Lemma 15.21 shows that in fact 

f fc (Flat(R 2 ,0)) = Flat z (HI, dB.) 
and the inverse map f^T 1 is C^ fc ^ 1 ' )r ' r -continuous for every r > 0. 
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Lemma 5.2. Suppose that a G Flat % (H, <9H) . Let a = $ k l (a), and 

d a+b a 

(5-2) Da = jf—fr 

dx a dy b 

be a partial derivative of a of order a + b. 

(i) Then Da is a sum of finitely many functions of the form 

A-B 



(x 2 + y 2 ) s l 2k ' 

where A : M, 2 — > M. is a smooth function which does not depend on a 
and 

and s is positive integer such that s/2k < a + b. The total number of 
these functions depends only on a and b and does not depend on a. 

(ii) Da is a continuous function vanishing at O G IR 2 . Hence a 
is a smooth function flat at O G M. 2 , i.e. f& is a bijection between 
Flat (R 2 , O) and Flat Z (H, <9H) . 

(iii) For every r > and a compact K C M, 2 we have the following 
estimaiton: 

(5.3) \W K < C\\a\\T +l) \ 
where 

(5.4) L = P^{K) n [0,2tt] x [0,oo), 

and C > does not depend on a. Whence the inverse mapping f^ 1 is 
^ww^ r ' r -continuous. 

Before proving this lemma we establish some formulas. 

5.3. Formulas for and its derivatives. Let (x,y) G M 2 . Then 
x 2 + y 2 = p 2k . For simplicity suppose that x > 0, hence 

p = (x 2 + y 2 )2fc , 4> = arctan(y/:r) + 27m, 
for a certain n G Z. Therefore 

0' = ~ V (j)' = X 

x x 2 + y 2 ' y a: 2 + y 2 ' 

x v 

Px 



k (x 2 + y 2 ) 1 2k k (x 2 + y 2 ) 1 2k 

Similarly, for every a, b > there exist smooth functions 
tH,Ui : M 2 -> K, (i = l,...,a + 6), 
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such that 

f>a+bj. a + b .. f) a + b n a+b ;/ 

{ ) P)~-af)„,b ~ 2.^1 (rr2 _|_ ,,,2W6' ft^aft-.b ~ 2-^ 



dx a dy b (x 2 + y 2 ) a + b ' dx a dy b ^ [ x 2 + y^) a+b - 



2 k 



These formulas do not depend on a particular choice of the expression 
of 4> through x and y. 

Proof of Lemma \5.2[ (i) First consider the derivative a' x . Let z = 
(x,y) 7^ O. Then in a sufficiently small neighborhood U z of z we can 
define an inverse map P^ :U Z —>W such that a = a o P fc 1 . Therefore 

Notice that every partial derivative of a 6 Flat z(HI, <9H) belongs 
to Flat z(H, dW) as well, whence by (15. ip this derivative determines a 
unique continuous function on U z . Therefore we can write 



Thus we have obtained a desired presentation. The proof for other 
partial derivatives of a is similar and we left it to the reader. 

(ii) Let us show the continuity of Da. Denote 

ni - dj& 
D J a = . 

d^ 1 dpi* 

Since D^a is flat on <9H, it follows that there exists a smooth function 
£ G Flat z (H, dM) such that £> J d = p s £. Therefore 

B = = i k \p s ) f k \0 = (x 2 + yY 2k f k \0, 

whence 

AB 

is continuous. Hence Da is continuous as well. Notice that £(0, 0) = 0. 
Therefore f fc _1 (^)(0) = 0, whence Da{0) = 0. 

(iii) Let a = (a). We have to estimate ||«||^. Notice that the 
subset L C HI defined by (15 .4p is compact and P(L) = K. Therefore 

(5.7) ||f s T 1 (a)||5 S ' = \\ot\\° K = sup|a(a;)| = sup \a((p,p)\ = \\a\\° L . 

x&K (<t>,p)£L 

By (ii) and (15.61) every partial derivative Da of a of order r can be 
represented in the form 

^ _ , ( D^a 
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where Ai is smooth on all M 2 , D^at is a partial derivative of at of order 
ji < r, and Sj < 2kr. 

Notice that for every i there are constants C\, C 2 , C3 > that do not 
depend on d and such that 



(5.8) 



f-i 



pSi 



(£3 



A' 



D ji a 



P s 



(Lemma [272j 



(Lcmma l2.3l l 



< 



< dll^dHS < C 2 |Hlf^ < Called 
Hence there exists C4 > such that 



(2fe+l)r 



< C 4 lid 



i(2fe+l)r 



A" 



Therefore ||a||^ < C||d||j^ fc+ for a certain C > that depends on 
K and r but d. □ 

Theorem 15.11 is completed. 

6. Correspondence between smooth mappings that are 
oo-close to the identity 

Let Map2 > (H, dM) be the set of all smooth maps 

h = (h h h 2 ) : H -> H, 
satisfying the following conditions: 

(i) /i is Z-equivariant, i.e. 

(6.1) /n(0 + 2vr,p) = /n(0,p)+2vr, /i 2 (0 + 2vr, p) = fc 2 (0, p). 

(ii) h is fixed on dM and fr(H) C H; 

(iii) h is oo-close to idn on dM., i.e. the following functions 



p) ~ P 



hi(<p,p) - <p, 
are flat on dM. 

Let also Map °°(IR 2 , O) be the set of smooth mappings h : M 2 — > M 2 
such that h~ x {0) = O and h is oo-close to id K 2 at O. 

Lemma 6.1. Let h = (hi, h 2 ) : M — > M be a mapping and 

d(0, p) = M0, p) - 0, $(<f>, p) = h 2 ((f), p) - p. 

Then h is Z-equivariant if and only if the functions d and (3 are Z- 
invariant. 
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Proof. Notice that 

a((f) + 2vr, p) - a((f), p) = hi(<j>+ 2tt, p) - - 2ir - (fti(0, p) - (f)) 

= hi(<f> + 2n, p) - hi(<f>, p) - 2tt, 
$(<f> + 2tt, p) - $(</>, p) = ft 2 (0 + 2vr, p)-p- (h 2 ((f>, p) - p) 

= h 2 {4> + 2vr,p) - h 2 (<j>,p). 
These identities together with (16.11) imply our statement. □ 
Theorem 6.2. The mapping P k yields a C^ w - continuous bisection 

m fc : Map°°(M 2 ,0) ^Map^(H,dH) 
such that its inverse m^ 1 is C^^ r ' r -continuous for every r > 0. 

Proof. Let Map^(H, dW) be the set of all continuous, Z-equivariant 

mappings h : H — > H that are fixed on <9H and ft(HI) C H. 

Let also Map (M 2 , O) be the set of all continuous maps h : M 2 — > R 2 
such that ft^O) = O. 

Then every ft G Map ^(H, <9H) yields a unique ft, G Map °(R 2 , O) such 
that the following diagram is commutative: 

h — e 



Pi 



A' 



i.e. h o P k = P k o h. In the coordinate form this means that 

^ 62 ^ /ii(p fc cos0,p fc sin0) = h 2 ((f),p) k ■ cosfti(0,p) 

ft 2 (p fc cos 0, p fc sin 0) = h 2 (<p, p) k ■ sin fti(0, p). 

For such a pair ft and ft we will use the following notations: 

(6.3) a(>,p) = ftiO,p) - (j), /3(0,p) = h 2 {(j),p) - p, 

(6.4) 7(^2/) = hi(x,y) - x, 5(x,y) = h 2 (x,y) - y. 

Thus the correspondence ft i— > ft is a well-defined mapping 

m' k : Map^(H,<9e) -> Map°(R 2 ,0). 
Our aim is to prove that yields a bijection 

m^ 1 : Map^(H,9H) -> Map°°(R 2 ,0). 
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First let us show that the image of rr4 includes Map °°(M 2 , O). In- 
deed, let ft G Map°°(IR 2 ,0). Since ft is C 1 (actually C°°) and 1-close 
to the identity at O (actually oo-close), we have that the tangent map 

T h : T R 2 -> ToM 2 

is the identity. Therefore ft induces a unique mapping ft : H — ► H 

fixed on effl. Moreover, since ft _1 (0) = O, we obtain that ft(H) = EI, 
whence ft G Map ^ (EI, <9EI) , and thus m' k (h) = ft. 

Also notice that a uniqueness of such ft implies that we have a well- 
defined map 

m k : Map 00 (M 2 ,0) -> Map^(H,<9H) 

inverse to m^,. 

It remains to prove the following lemma: 

Lemma 6.3. m fc (Map 00 (1R 2 , O)) = Map ^ (H, <9EI) . Moreover, for ev- 
ery r > i/ie restriction map 

m k : Map°°(M 2 ,0) ^ Map ^(H, <9H) 
is C\£ w - continuous, while its inverse 

m fe x : Map^(H,<9EI) -> Map°°(M 2 ,0) 
zs C^ fc l ^ 1 ' )r ' r -contm'UO«s. 

Proof. Let ft, G Map°°(lR 2 ,0) and ft = m&(ft). It suffices to prove that 
ft is smooth and oo-close to ide on <9H in a neighborhood of (0,0) G EI. 
Since h(0) = O and ft is oo-close to id K 2 at O we have that 

(6.5) hi(x,y) = x + xax + yh, h 2 (x,y) = y + xa 2 + yb 2 , 

where ai,a 2 ,bi,b 2 G Flat (M 2 , O). 

Then it follows from (16. 2p and (16. 5p that 

(ft x o P,) 2 + (ft 2 o P k f = ft 2 = p 2fc . (1 + u,(0, p)), 

2 • (ft x o p fc ) • (ft 2 o P fc ) = ft 2fc ■ sin 2ftx = p 2k ■ (sin 20 + £(0, p)) 
where u, £ : H — ► R are smooth functions flat on <9H. Hence 

sin2fti = — ^— = (sin20 + 0(1 — u + u 2 — ■ ■ • ) = sin20 + -0, 

1 + u 

where ip is smooth in a neighborhood of (0, 0) G EI and flat on cffl. 
Therefore by (Q 

1 |[2~2"t 

hi — - arcsin(sin20 + ip) ' <p-\-ijj ■ r(0, p), 
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where r is smooth in a neighborhood of (0, 0) G H. Hence h\((j), p) — 
is smooth in a neighborhood of (0, 0) € EI and flat on <9HL 

It remains to prove a smoothness of h,2 at every point (</>o,0). Let 
A = cos 0o, -B = sin 0o- Then it follows from (16.21) and (16.51) that 

A • hi o P fc + B • hi o P fc JUL ft* . (A cos hi + B sin hi) = 

= h^cosCh - O )- 

A - h x o P k + B ■ h x o P k JUL p k (A cos<p + B sin + c) = 

= p fc (cos(0-0 o ) + c), 

where c G Flat z (HI, <9HI). Hence 



cos(/ii 

v — 

'/ 



Since /ii is smooth and hi — is flat on cffl, it follows that in a neigh- 
borhood of (0o, 0) the function 77 is smooth and 77 — 1 is flat. Hence 

h 2 = p + $, 

where (3 G Flat % (H, <9H) . It also follows that m fc is C^T^-continuous. 
Consider now the map m^T 1 . Let h = (hi, I12) G Map^ D (H, dM) and 
/i = nifc 1 (^) = (/ii,/i2) e Map°(M 2 ,0). 

By assumption d and /3 are flat on dM. and by Lemma 16.11 they are 
Z-invariant, whence a, (3 G Flat 2 (H, 9H). We have to show that 7 and 
5 are smooth and flat at O G 1R 2 . Due to Theorem 15.11 it suffices to 
establish that 7 o P k and 5 o P k belong to Flat z(M, dM). 

By ( 12.11) there are smooth functions p, v : H — *■ R such that 

cos /ii = cos(0 + a) = cos0 + a ■ p(4>, a), 
sin hi = sin(0 + d) = sin + d • z/(0, a). 
Evidently, p and z/ are Z- invariant. Also notice that 

^2 = (P + /3) fc = p fc + A, 

for some & G Flat z (H, 9H). Hence 

7 o P k (4>,p) = (p k + /3i)(cos0 + d • p(0, d)) - p fc cos0 = 
(6.7) = /3i • cos0 + (p fc + ■ d • p(0, d), 

5 o P k ((f), p) = fa ■ sin + (p fc + pi) ■ a ■ v(<f>, a). 
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Since a,$e Flat Z (M, dM), we see that 7 o P k , S o P fc g Flat Z (H, SH) 
as well. 

It remains to note that the mapping m^ 1 coincides with the following 
sequence of correspondences: 

n 1 — > (a, p) 1 — >■ (70P, o P) (7,(3) 1 — > n,, 

in which for every r > the first and second arrows are C^T^-conti- 
nuous and by Theorem 15 .11 the third one is C^^^-continuous. Hence 
m^ 1 is C^ fc l ^ 1 ' )r ' r -continuous for every r > 0. □ 

Theorem 16.21 is completed. 



7. Proof of Proposition 13.41 

Let G be a smooth vector field, defined in a neighborhood V of the 
origin O G R 2 . Suppose that G has property (*) at O. Therefore we 
can assume that G = rjH, where 77 : R 2 — > R \ {0} is everywhere non- 
zero smooth function and H = (—g' y ,g' x ) is a Hamiltonian vector field 
of a certain homogeneous polynomial g : R 2 —>■ R of degree p + 1 > 2 
having no multiple factors. 

Denote by G the corresponding local flow of G. 

For every h G (G, V, O) we have to find a smooth function 

a : V -> R 
which is flat at O and such that 

= G(z,a(*)). 

Let P : EI — > R 2 be the map defining polar coordinates, i.e. 

P(<p,p) = (pcos0,psin0). 

Thus P = Pi in the notation of Section HI 
Set U = P-\V). 

Let Flat (V, O) be the space of smooth functions V — > R which are 
flat at O, and Flatz(C7, dM) be the space of smooth Z-invariant func- 
tions U — > R which are flat on dM.. 

Denote by Map (V, R 2 , O) the space of smooth maps h : V — > R 2 
such that /i _1 (0) = O and h is oo-close to idy at O. Finally, let 
Map^(P, M, £?H) be the space of smooth Z-equivariant mappings /i : 
P — > EI such that h~ 1 (dM) = dM and /i is oo-close to idu at every 
points of dM. 
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Then it follows from Theorems 15.11 and 16 . 21 that the mapping P yields 
the following bijections fi and iri] which for simplicity we denote by f 
and m respectively: 

f : Flat (V, O) -> Flat Z (U, dM), 
m : Map (V, M 2 , O) -> Map Z (U, H, dM). 

Let F be the lifting of the vector field G from V to U via P. Denote 
by £oo{F, U, dM) the subset of £(F, U) consisting of mappings that are 
co-close to ide on dM.. Moreover, let £ ao (F,U,dM) z be the subset 
of £oo(F, U, dM) consisting of Z-equivariant maps. Then we have the 
following inclusions: 

Map(V,M 2 ,0) D £«,((?, V,0) 

m 

Ma Pz ([/,H,<9H) D £oo{F, U, dM)z- 
Lemma 7.1. m( S^G, V, O) ) = S^F, U, 8H) Z . 
Proof. Let 

h G £ 00 (G, V, O) h = m(h) G Map^(^, M, dM). 

We have to show that h G £oa(F, U, dM)%, i.e. 

(i) h is a diffeomorphism in a neighborhood of every singular point 
point z G £p = dM of F; 

(ii) ^(w fl (7) CiD for every orbit u of F. 

Proof of (i). Since h is cxo-close to id R 2 at O, it follows from The- 
orem [672] that h is oo-close to the identity on Ep = dM. Therefore for 
every point z G dM the corresponding tangent map T z h : T Z M — > T Z M 
is identity and thus it is nondegenerate. 

Proof of (ii). Let u> be an orbit of F and u = P{u) be the corre- 
sponding orbit of G. Then by definition h(u fl V) C Hence ft,(cD fl £7) 
is included in some orbit Cj\ of F which is also mapped onto uj by P, 
i.e. P(a>i) = tu. 

We have to show that & = &i. Actually this follow from the structure 
of orbits of G. 

Indeed, suppose that g is a product of definite quadratic forms, i.e. 
g(z) ytz o for z ^ 0. Then the structure of the orbits of F and G for this 
case is shown in Figure H~2l It follows from this figure that uj = P _1 (u;), 
whence uj = &\. 

Suppose that g has linear factors. Then, see Figure I4.1[ the set 
(7 _1 (0) is a union of 21 rays T , . . . , T^-i for i = 1, . . . , / starting at the 
origin O and such that Tj and T i+ / mod 2 ; belong to the same straight 
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line. Moreover, the set P -1 o g~ l (0) is a union of dH. together with 
countable set of vertical half-lines Tj, (j G Z). We can assume that 

P\Tj) — Tj mod 21- 

Since h(Ti) = Ti, it follows that h(Tj) for all i and j. Therefore P 
yields a bijection between the orbits of G laying in the angles between 
Ti and T i+ i and orbits of F laying between T i+2 i s and T i+ i +2 i s , (s G Z). 
Hence Cj = Cj\. 

Thus m(^ 00 (G, V, O)) C ^(P, 17, OT) 2 . 

Conversely, let h G £oo{F, U, dU) z and /i = m" 1 ^) G Map (V, R 2 , O). 
We have to show that h G £oo(G, V, O). Since h is oo-close to id]R2 at O, 
we obtain that h is a local diffeomorphism at every (actually unique) 
singular point of G. Moreover, let uj be any orbit of G and Cj be an 
orbit of F such that to = P{Cj). Then by definition h(Cu PI U) C Cj. 

Since P o ft, = h o P, we obtain that 

ii(unv) c hoP(unu) = Poh(Cjnu) c p(o>) = u. 

Thus ^(P, [/, <9H) 2 C m(^ 00 (G, V, O)). □ 

It remains to prove the following statement: 

Proposition 7.2. Suppose that g has property (*). Then there exists 
a unique mapping 

V : £oo(P, £/, dW) z -> Flat Z (E7, o>H) 

h(» = F(x,^(^)(a;)) 
/or a// ft G £oo(F, U, dM) z . This map is C^yJ -continuous. 

Corollary 7.3. Define the mapping $ : £oo(G, V, O) -> Flat (V, O) by 

= f _1 ot/)om, i.e. so that the following diagram becomes commutative: 

Map z (C/,M,0H) D (P, U, dW) z Flat Z (17, SH) 



Map(V,M 2 ,0) D £oo(G,V,0) — Flat (V.O) 
Then \1/ satisfies the statement of Proposition \3.4\ 

Proof of Corollary. Indeed, let ft G £qo(G, V, O), 

k = m(ft) G £oo(F, U, 9H) Z , d = ^>(ft) G Flat z (t7, dW). 

So 

ft(a) = F(a, d(a)), Va G £7 
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Set 

a = f-\a) = r 1 o^om(/i) G Flat(V,0), 
thus a = a o P. First we have to show that 

h{b) = G{b,a{b)), MbeV. 

Let a & U and b G V be such that b = P(a). Then 

h(b) =ho P(a) =Po h(a) =Po F(a, a(a)) = 

= G(P(a), a(a)) = G(P(a), a o P(a)) = G(6, a(6)). 
It remains to prove continuity of 

Notice that for every r > p the mapping m is C^T^-continuous, ip is 
Cyfw' continuous, and f _1 is C 7 W ^ 7 p ^-continuous, where [t] is the 
integer part of t G R. Hence \I/ is C|y^ _p ^- continuous of all r > p. 

Replacing r by 3r + p we obtain that \l/ is C^^' r -continuous. □ 

Thus Proposition 13.41 and therefore Theorem 13.21 are proved modulo 
Proposition 17.21 

Remark 7.4. Let A G Flat (£/, <9H), i.e. A is fiat on dM. Then it 
follows from the Hadamard lemma that for every t G N there exists 
A t G Flat (U, dM) such that A = p*A t . 

Proof of Proposition [7T21 Let ft = (fti,ft 2 ) G ^(P, [/, SET). Since 

o o 

all orbits of F in EI are non-closed, it follows that for every z G EI there 
exists a unique number ^(z) G R such that 

ft(z) = G(*,^(z)). 

o 

Thus we get a shift-function ip : M — ► R for ft. Moreover, it follows 

o 

from (jl.4p that this function is smooth on EI. 

Define ^ on dM by = for z G <9EI. We have show that this 
extension is smooth of EI and flat on dM.. 

Let 0o G dM. Then by Lemma 14.11 

goP{<t>,p)=p*+ 1 (<f>-<f> o y 1 (<f>), 

for some a > depending on 0o and a smooth function 7 : R — > R such 
that 7O0) 7^ 0. 

Moreover, since g has property (*), it follows from Corollary 14. 51 that 
a is either or 1. 

Consider two cases. Not loosing generality, we can also assume that 
0o = O. 
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1) Suppose that a = 0, i.e. 

^oP(0,p)= / /+ 1 7 (0), 

is a neighborhood of (0, 0) G H. Equivalently, this means that g is not 
divided by y. Then by ( 14.4)) of Lemma [4.41 we have that 

F 1 (0,p)=p p - 1 7 i(0). 

Since hi — <f> and h2 — p are flat on <9HI, they are divided by p, whence 
we can write 

p) =(j) + A(<j>, p), ^ 2 (0, p) = p + pB(<p, p), 

where A, B G Flat (£/, <9H). 

Notice that F defines a the following system of ODE: 

4> = F x {4>,p) 

P = F 2 ((/),p). 

Whence dt = Therefore the time ijj(<j),p) between the points (0, p) 
and h((f>, p) can be calculated by the following formula: 

hi(4>,p) 



<:W 



pp-^ie) 

4> 

We will show that ip is smooth in a neighborhood of (0, 0) G H. It 
suffices to prove that ip has smooth partial derivatives of the first order 
which are flat on DM. 

An easy calculation shows that 

(m; 1 ,„, , (kr P 



h^-^hi) p*- 1 -! rpvr ' ry urHK 

Notice that 

(M; = l + ^, {hi)' p = A> p . 

Moreover, 

(7.1) hi 1 = ff-\l + B), 7(^(0, p)) = 7 (0)(1 + C7), 
for some B, C G Flat (E7, OT). Hence 

1 + ^ 1 + C 



(7.2) v;(<M 



pf- 1 (l + fl) 7 (/n) p^Chi) 



D 



pP-l(l + S) 7 (/n) (1+5)7^) 
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Since D G Flat (U, dffl) , it follows from the Hadamard lemma, see 
Remark [731 that D / pP^ 1 and therefore "0^(0, p) belong to Flat (U, dW). 
Similarly, 



-i 



K KIP 

(7.3) M<j>, p) = p - ^- = p, S * . 

P pv-^l + BMh) (l + BMh) 

Again this function is smooth since A' G Flat (U, dW). 

2) Suppose that a = 1. Then g = yR, where R(x, 0) ^ and by 04.51) 
of Lemma 14.41 

F 2 (0,p)=p p 7 2(0). 
Since Fi(0, p) = 0, we see that the half-axis {0 = 0, p > 0} is the orbit 
of F. Therefore h preserves this half-axis, i.e. hi(0,p) = 0, whence by 
the Hadamard lemma we obtain that 

hi(<f>, p) = <P + <pA(<f>, p), h 2 ((j), p) = p + pB((j), p) 

for certain A,B G Flat (U, dW). Therefore 

hi(4>,p) 

J P P 710) 
p 

Then similarly to the previous case it can be shown that 

B'Jff 



E/ff 



(7-4) ^(0,p) = 

and 

(7 - 5) ^ (<M= n + m (h y 

(1 + B)j(h 1 ) 

where similarly to (17. II) B,C,E are defined by 

h\ = ff(l + B), 7(^(0, p)) = 7 (0)(1 + C), 

E = B' p -B-C - BC 

and belong to Flat (U, <9H). Hence ip G Flat (U, dW) as well. 

It remains to prove continuity of the correspondence h i— > ip. Notice 
that the expressions for ^ and if)' include division by fP and the oper- 
ators d/d(j), and d/dp. Recall that by Lemmas 12.21 and 12.31 the division 
by p and differentiating by and p are Cjyjy -continuous. 

It follows from formulas (17.21) . (17. 3p . (17.41) . and (17. 5p that there exists 
d > and a closed ball K C V containing O G M 2 such that the 
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absolute values of denominators of these expressions are greater than 
2d at every point of K. Put 

L = P-\K) n [0,2?r] x [0,oo). 

Then it follows from expressions for ip'^ and ip' and Lemmas 12.21 and 12.31 
that for every r > and e > there exists 5 6 (0, d) such that the 
inequality 

\\h - < 5 implies \\ip{h) - < e. 

Hence the correspondence h i— ► *0 is (7^j) r -continuous for all r > 0. 
We leave the details to the reader. 
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